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LETTER TO THE EDITOR

New algebra related to non-standard R matrix
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CCAST (World Laboratory}, PO Box 8730, Beijing 100030, People’s Republic of China
and (mailing address) Institute of Theoretical Physics, Academia Sinica, PO Box 2735,
Beijing 100080, Peopte’s Republic of China

Received 27 October 1992

Abstract, A new algebra that is different to the known algebras in both quantum R matrix
and quantum enveloping algebras is presented. Is non-trivial Hopf algebraic structures
are also discussed.

The quantum Yang-Baxter equation (Qvsg) [1] has played important roles both in
physics and mathematics. With solutions of QYBE one can construct exactly soivable
modeis and find their eigenvalues and eigenstates [2]. On the other hand, any solution
of QYBE can be generally used to find the new quasi-triangular Hopf algebra based on
the method initiated by Faddeev er af [3].

Recently many multiparameter solutions (4x4 matrices) of QvBeE have been
obtained [4, 5]. Corresponding to the case of standard one-parameter R matrix, the
algebras related to the standard two-parameter R matrix bhave also been discussed
[6-8]. In this letter we investigate the group and algebraic structures related to one of
the solutions in [4]. It is shown that the corresponding algebra is a new quanium
algebra [9] with neither commutative nor co-commutative Hopf algebraic structures.

We consider the solution R, in [4]. After redefining the parameters we may write
the matrix R, as

1 0 00
0 -1 00
= . (1)
0 1+g g 0
0 0 01

The algebra related to this quantum matrix is governed by the Yang-Baxter
equation [3]

RT,\T.=T,T,R (2)
where T\=T®1I, T,=I®T, I is 2x2 identity matrix and

a b
r=(4 d).
Equation (2) gives rise to the relations of the algebra elements a, b, ¢ and d

ab=g 'ba de=qcd be=—gcb

, 3)
bd =—db ac=—ca fa,d]=(1+q )}be
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where all the commutative relations have been omitted. This quantum matrix T can
be considered as a linear transformation of plane #£,(2) with coordinates (x, &)
satisfying x£ = —&x. It is straightforward to prove that the coordinate transformations

deduced by T

(2)-(¢ 20

§ ¢ d/\§

keep the relation x'£’ = —£&'x'. As there is no nilpotential element in quantum matrix
T, there exists no constraints on the coordinates x and £ This quantum plane is the
same as the one related to GL,(2). However the matrix R gives rise to a different kind

of algebra.
From the algebraic relations (3) we can define an element of the algebra,

8(T)=6=ad~q 'be. (4)
& satisfies the following relations

[a,8]=0 [d,8]1=0 )

{¢,8},=qcd+8c=0 {8,b},=q8b+ b3 =0.

The element § commutes only with @ and b and hence is not the centre of the algebra.
But it has the properties that can be proved directly,

8(TT) =8(T)8(T") (6)

where T and T are different solutions of equation (2} and the matrix elements of T
commutes with the ones of T".
Now we formally define 87" to be the inverse of 8. Then the inverse of T can be

written as
_ ds™! —gbs™!
T 1=(—q"8"c as™! /' @

And the complete Hopf algebraic structures of T are given by
Ala)=a®a+b®c Ald)y=d@d+c®b
A(b)=a®b+b®d Ace)y=d®@c+c®Ra

S(a) = ds™" S(b) = —gbs™ (8)
S{cy=—q"'87 ¢ S(dy=as™"
ela)=e(d)=1 e(b)=e(c)=0

where A is the coproduct, S the antipode and ¢ the co-unit. It can be proven that so
defined operators A and ¢ are algebraic homomorphism and § is antihomomorphism.
They satisfy all the necessary relations of Hopf algebra such as

A(a)a(d) - A(d)A(a) = (1+ g )A(b)A(e).
Hence the algebra given by (3) and (%) is a Hopf algebra. Moreover one can show that
A(8)=56@8 S(8)=8"" e(8)=1.

It is clear that & has some properties of the quantum determinates in SL,(2) although
it is not a centre here and this algebra is different to the usual form of GL,(2) {8].
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Now we consider the quantum enveloping algebra related to the R matrix {1). It
is determined by the following Yang-Baxter relations [3],
RL:L:=LILiR
RLYL; =L;LyR
where LY=L*®1I Ly=I®L*, L* and L~ are up-triangular and down-triangular
matrices respectively,

v=(o 1) e=( o)

From (1) and {9) we have the following non-commutative relations

(9)

kx=gqxk mx=—xm bx=—xlI
nx=gxn ky=gq 'yk my =-—ym (10}

The algebra elements in (10) are not independent. After a survey of the relations we
assume that k=n, I=n, x* = k™V?x, x~ = k~Y2y, Then the algebraic relations reduce to

Ix*=g*'x*k Ix*=—x*1
[1=0 ("5} = k-7 a
Algebra (11} may be re-expressed in a more elegant form
_ H_ a=H(_qy2H
[H E*)=+E*  {E*,E h%}% (12)
where we have used the transformations
l=(—'1)H ,k=qH Et=(q_q—l)—t/2x:h‘
The corresponding Hopf structures of algebra (12) can be defined by
AH)=H®I+I®H
A(E+)= qH/2®E++E+®q~H/2(_1)H
A(ET)=g"*QE"+E-@q "/ (-1)" (13)
e(HY=e(E*)=0 e(I)=1
. S(H)z_H S(Ei)z(_l);Hq:FUin-

It is easy to show that A and # are algebraic homomorphism and § is antihomomorph-
ism. They satisfy three axioms of Hopf algebra

(id@AA=(A®id)A
(id®=)Ala)=(e®id)A(a)=a
m(S®id)A(a)=m(id@S)A(a)=s(a)l

where a is any element of algebra (12} and m is the multiplication operator.
So far we have presented the whole algebra structures, the algebra of quantum
matrix and the quantum enveloping algebra, related to the solution (1) of QvBE. With
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neither commutative nor co-commutative Hopf algebraic structures, this algebra is a
new quantum algebra. Here the parameter g plays the role of ‘quantization’ of the
algebra. When g approaches one the algebra (10) becomes

{ x}=0 {Ly}=0 {x y}=2((-1*" - ¢*") (14)

by setting I=(~1}" and k= g". Algebra (14) is still a ‘quantum algebra’ with neither
commutative nor co-commutative Hopf algebraic structures. However when g¢
approaches —1, algebra (10) simply becomes

{lx}=0 {Ly}=0 {x, ¥}=0.

The related Hopf algebraic structure becomes trivial.

In addition we would like to indicate that related to the solution (1) there is also
a Temperley-Lieb algebraic representation. Let R = R - P. P is the permutation matzix.
R has two different eigenvalnes 1 and g satisfying

(R-1(R~gq)=(R-1)}(R-q)=0.
Therefore a Temperley-Lieb algebraic representation can be readily given with element
g = 1(1)®I{Z)®, , ,®1f=’—1)®E®IU+2)®, . ,®1(NJ (15)

where 1" represents a 2 X 2 identity matrix at site i, ® denotes the usual matrix tensor
p

and
E=+|—(R-1)
Y, . .

e, satisfies the TL algebraic relations [10],

e?=1_qe €€ 16 =¢€;
i ‘/__q 3 iCrx1%; ¥ (16)
e, = ee if|i—j|=2.
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